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Involution f

Vx e dom(f). f(f(x))=x

<= Involution (a.k.a. involutory function)

<+ A function that is own inverse

<l.e., f(x)=yifand only if f(y) =x

<= A particular kind of reversible (= injective) function
<= Application of involution

< Mathematical proofs / cryptographic systems /
Bidirectional transformation (mentioned later)
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Overview “
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 x=y=> W= | |
 Characterized by |

Turing Machine (TM) etc.

[ injective functions | I R k16]
L _ _ | w/ function semantics [AxelsenGliic
| (X)=f(y) > x=Yy |

N  Characterized by
| | Reversible TM (RTM) |

| ( involutory functions | Y
| f@=y=x=fi) | This work i
' Characterized by |
‘ \ Involutory TM (ITM) ) |
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Prior work on RTM [AxelsenGliick16]

< RTM : backward-deterministic TM

iInput output

{ {
initial step step step step step final

config. & ﬁﬁﬁﬁ & F config. ;
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<= RTM always computes an /injective function

<= Any computable injective function can be
computed by an RTM.

<= A universal RTM exists which simulates any RTM.
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This work on ITM
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< ITM : somehow restricted TM
<= [TM always computes an involutory function ;
<= Any computable /involutory function can be
computed by an ITM.
< A universal ITM exists which simulates any ITM.
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Rest of This Talk
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< Involutory Turing Machine (ITM)
< Definition and Semantics of TM
< Results on Reversible TM i
= Definition of ITM
= Properties of ITM '
< Expressiveness (Tape Reduction / Universality) :
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< Application of ITM |
< Relationship with Bidirectional Transformation
<= Conclusion
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Turing Machine (TM)

set of states / / {

Initial state in O

R HE RN B R

--::':-éﬁﬁﬁi:;'l:'I;;:;;i‘;g]‘;'kzggg;g'l;";'!;,'3:;"|£i§'|i-"§=l;;'ii::;i;:;‘iz'ﬁ"ggﬁﬁﬁﬁ;’i%iji
1 " ‘
‘ )t )

set of transitions |

set of tape symbols _ : ;
(except blank) final state in Q

<= Working on multiple doubly-infinite tapes
<= Each tape has a head. e

nie ';'

n | hie R

< All left cells of the head are |, oot stepr » L

blank initially and finally.
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Transition Rule
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source state ———/
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action

symbol
a=51=>N
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Permute the order of the tapes
with preserving contents
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Deterministic /Reversible TM

< Deterministic TM (DTM, or TM simply)
< (Locally) forward-deterministic TM

(Q9 dil, _) =+ (gy aZa) EA
—> 1 and ap are symbol actions w/ different inputs

i
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- Reversible TM (RTM)
< (Locally) forward- & backward-deterministic TM

(—a1,q) * (—,a,q) €4
—> q1 and ap are symbol actions w/ different outputs
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Semantics of TM

O&

step step step

n = [—hie R
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Function semantics [AxelsenGlick16]

1Convenhon

When [T](x1,...,x0)=(V1, ..., Yx) Implies xj+1=...=xk=yj+1=...= Vk=E,
we may identify the function with [T](x1, ....xi)) = (V1 ..., ). |

Input/output ~ |n|t|al/ﬁnal conﬁguratlon

[ T](first,second,...,kth) = (one, two, ..., k)
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Syntactic Inverse of TM
For T=(0.,2,q1,q9r,A),

1-1<(0,2,q9r,q1, A1)

where A-1={(q.al,q1)|(q1,a,q2)eA }
(S1=>952)"1 = 5= 81

(<—)—1 = o)—l =9 (—>)—1 —
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position. Let 7" be an RTM.
ﬁ T-lisan RTM s.t. [T-1]
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' Proposition. emantic M T’ 1s Injective,
then there exists an RTM T"s.t. [T']|=[T] .

<2 Semantics of hon-RTM can be injective.
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Backward
non-determinism

, Cororally. |
' Any computable injective function can be computed by an RTM. |
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< Proposition implies "an equivalent RTM always exists." |
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Involutory TM (ITM) ' 

TMT=(0, 2%, q1, gr, A) is involutory if 1:

1= involution over Q s.t.
< Y(q1) = qF
= (q,a,q2) €d = Y (q2),a 1, Y(q1)) &
i I
Y (4qr) yq) (@) Y (Gm) Y (qr)
1‘\-'Li risit : : : 1 cJ;n e |
1 — | | —  (esesea] — ﬁl

L — — |- e— L
1 | k[t]h TR

/

LAl
=]
.'I

2 ,’

:"- —‘T x..i‘—

e, Ty, T —

v 4
e e

——

ST T

-—

- ~— p— —
S S — i —
- —

TPty

-
S el S T e
P i

HEE

e

—— -

iy
- e

TR

PO A

——r

=

P e et

e ——
=

P
e

LT
Ce S laTalT

g
NS o3
TSNTST

‘«
SRS ——————

\..‘_‘___

O0s Ba sa mirm oy N e

i e St Tt th]
L P P TR T

—__\_
SIESLIIT

- — R —
o
D e e
. ———— e

e

B

v——— =
R S e e R
A

S

e
v~
o . 4. va

—

832 Titess

Teas S Soats sicieesia
ST ¥ i e L L LY

o~ S—

o o

. ——

o ———

ae A i 3 v ——— sy g Y P e Y

e P S S DAL et -
d e (.o

e T e I S ————— =
- ——- —— ——

SEC TR

ST

R
-1

-

N ey
Heas tmicsmtmia ot




Theorem. Let 7T be an ITM.

Then

I

IS Involutory, I.e.,

Y(q1)
L

Y(q2)
L

Y (Gm)
!
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Expressweness of ITM

Theorem % If the semantics of TM T IS mvolutory,
. then there eX|sts an ITM T S.t. ﬂT’]] = ﬂT]] .

- Semantics of non-ITM can be mvolutory

- Imagine a TM that computes bitwise negation
by negating bits left-to-right and moving back.
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<> Obwously, thls |s nOt an ITM

Cororally |
Any computable mvolutlon can be computed by an ITM
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Proof of ITM Expressweness

Theorem If the semantlcs of TM T iIs involutory,
- then there eX|sts an ITM T’ s.t. IIT’]] =[T] . |

Proof sketch
Let 7 be a TM s.t. [T'] is involutory.
Let d and r be functions s.t. d(x,¢) = (x,x) and r(x,y) = ([T](x), y).
Due to their injectivity, we have RTMs T, and T, s.t. [T4=d, |T/]=
An ITM T’ we want is obtained by concatenating 74 T» and
their inverses with a single permutation as below. [T ]](x)
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Ap ations to BX

\.>< \.-< \.><
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< BX: bidirectional transformation
< Pair of get: S — Vand put:SXV-3§
< Characterized by pg:SxV-SxV
such that pg(s,v) = (put(s,v), get(s))
<= Consistency forces involutoriness of p¢
S pg(pg( S, V)) — (S, V) hO|dS (% for very-well-behaved lens)

t
:
.
118
3
j
¢
! 3
)
ol
' A
"
1%
S
15
M
HE
i
]
H
L
3
183
’
'h
™
i

Gt S D s

—— ‘4m:x;1' — .._T':—”. — __-. .’_' e e

T L e
o S e

~

————

R T
e

e i 3 re

—
== —— -

ey

NS

ey S — — ——
g s S N v
- BT B e
5 aa s ae ——
PANI, o SV . 8

e =3

e T

e

e e ae

————— s ——
. S =

~ot Nvey—
Boie e - on

i = - -
——— 3

—
o i &



R T R T A e L L L T L T H S S E T HT S T A S I T T Pl L R L H R L T O MM et Ll st aasid s niiis ENMIRERERARE paan R b s et abaiiiiidsts it} HATE R ddahadeniit bt adabiiaaatiapnbt (a0t s iR idanaiaiacisbibintiodaniiseiisnisy S
B e e T e T e B e T T e e e B T L e S L R L T LT R U e 8 1 ELA R T8 b2 et O S M E RO LR T L HE SR E R

Vi lS
1y

'
¢

R T A B R e

Conclusion
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<= Involutory Turing machine is presented.

< I'TM always computes involution.

<= Any computable involution is computed by an ITM.
- Permutation rule plays an important role for this.

- Universal involutory Turing machine exists.
< [t can be efficiently constructed by Bennet's trick.

<= The work is motivated by my BX research.
<= Exact computational model of BX is coming soon.
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